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In hadron colliders, such as the Large Hadron Collider (LHC) to be built at CERN, the
long-term stability of the single-particle motion is mostly determined by the eld-shape quality
of the superconducting magnets. The mechanism of particle loss may be largely enhanced by
modulation of betatron tunes, induced either by synchro-betatron coupling (via the residual
uncorrected chromaticity), or by unavoidable power supply ripple. This harmful eect is inves-
tigated in a simple dynamical system model, the Henon map with modulated linear frequencies.
Then, a realistic accelerator model describing the injection optics of the LHC lattice is analyzed.





to obtain the dynamic aperture. It turns out that the dynamic aperture can be interpolated
using a simple empirical formula, and it decays proportionally to a power of the inverse loga-
rithm of the number of turns. Furthermore, the extrapolation of tracking data at 10
5
turns gives
reliable estimates of the dynamic aperture for 10
7
turns, which represent the expected duration
of the LHC injection plateau.
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1 INTRODUCTION
In large hadron accelerators like the LHC [1], two counter-rotating beams perform
up to 10
7
turns at the injection plateau, before energy ramping. During this time, the
circulating particles follow intricate trajectories, dominated by the unavoidable eld-shape
imperfections of the superconducting magnets. The non-linear elds are a great source
of concern for the stability of the motion, since they introduce a tune dependence with
amplitude and momentum, and excite non-linear resonances [2, 3, 4, 5]. This is the domain
in which the non-linear forces provoke particle losses, that sometimes may occur after
many millions of turns (see for instance Refs. [6, 7, 8, 9, 10]). Long-term particle loss is
drastically enhanced if the betatron tune is modulated by some external causes, such as the
power supply ripple [11], or by synchro-betatron coupling, via the residual uncompensated
chromaticity. This eect can be modelized by a set of nonlinear oscillators whose linear
frequencies are modulated. There exists a wide literature on this subject (see for instance
the well-known papers [12, 13]), and both analytical and numerical studies of models
directly connected to accelerator physics have been carried out [10, 14, 15, 16, 17].
To optimize the accelerator performances and to establish an upper bound for the
unwanted multipolar errors, it is of a paramount importance to identify with precision
the dynamic aperture of the accelerator, i.e. the border between stable and unstable
initial conditions in the 6D phase space. This task is not easy, since a large set of initial
conditions has to be investigated for a given machine conguration, and the optimization
of the lattice parameters requires the analysis of a large number of congurations. The
study of the dynamic aperture is in general performed with computer simulations in which
the particle position is tracked element by element around the machine for large number
of turns [6, 7, 8, 18]. However, even using powerful farms of modern computers, one
can hardly evaluate the beam stability for more than 10
6
turns for a few congurations.
Therefore, to extend to 10
7
turns the range of the investigation in the LHC, methods
alternative to brute-force element-by-element tracking should be worked out.
Over the past years, three main approaches have been proposed to predict the
long-term behaviour of single-particle motion in presence of non-linear elds. The rst
one is based on the evaluation of early indicators that allow to distinguish regular from
chaotic motion, such as the Lyapunov exponent [8, 9, 19] or the variation with time
of the instantaneous betatron tune [9, 20, 21]. The second approach is based on the
denition of approximated global invariants [22, 23]: the maximum variation of these
invariants for N
0
turns is computed numerically and an upper bound to their change for
N  N
0
is extrapolated. The third approach is based on the analysis of the survival times
provided by computer simulations, plotted versus the initial amplitude (survival plots, see
Refs. [6, 7, 18]).
In Ref. [9], we have shown that using a denition of dynamic aperture that involves
an averaging procedure over the initial conditions in phase space [24], survival plots be-
come much more regular: the dynamic aperture turns out to approximately decay with
the inverse of the logarithm of the number of turns [9]




This law suggests [25] that the phase space is divided into an inner region stable for
innite times, and an outer wide chaotic band where the escape rate agrees qualitatively
with the Nekhoroshev estimate [26, 27, 28]. This approach turns out to be particularly
useful since, contrary to the Lyapunov technique, it provides quantitative estimates also
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for large but nite number of turns. Some analysis on simplied models [29, 30] have
given a rst indication that the extrapolation of the inverse logarithm for innite number
of turns, i.e, the parameter A in Eq. (1), agrees rather well with the prediction of the
chaotic border obtained through the Lyapunov exponent.
In this paper we propose the following generalization of the inverse logarithm de-







an additional parameter  is added; tracking data of both the Henon map and of the LHC
model are very well interpolated by this generalized formula. The exponent turns out to
decrease when the amplitude of the tune modulation becomes larger. This is rather natural
since larger modulational amplitudes imply more relevant long-term phenomena; on the
other hand, a smaller exponent of the logarithm means that the stability limit for innite
times is reached more slowly. When the modulational amplitude reaches a certain limit,
the extrapolation at innity becomes negative and therefore according to this scenario all
the phase space is unstable. This is in agreement with experiments [10, 11] that show that
for large modulations the beam has a nite lifetime. In these cases the exponent  may
become negative; a decaying of the dynamic aperture approximately proportional to the
logarithm of the number of turns (i.e.  =  1) has been observed almost ve years ago in
the Superconducting Super Collider (SSC, see Ref. [31]) simulations, even though it has
never been published [32].
We have carried out simulations of the modulated 4D Henon map up to 10
7
turns:
we show that using the data up to 10
5
turns, the extrapolation to 10
7
turns agrees well with
tracking (within 5%). The interpolation involves a nonlinear t with three parameters,
and some care is needed to determine the condence level for the best t and the error
associated to extrapolations. For the LHC case, even though a direct comparison with 10
7
turns is not possible, we show that the same scenario of the modulated 4D Henon map
holds. Extrapolation to 10
6
turns is in agreement with tracking, and the errors associated




turns are of the order of 7%.
The plan of the paper is the following: as a rst step, we introduce the models used
for the numerical simulations, namely the modulated Henon map and the LHC lattice
version 4.3 with tune modulation. Then we dene the dynamic aperture for N turns and
the associated error due to the scan of the initial conditions. After that, we discuss our
methods to predict dynamic aperture. Finally we show our numerical results for the Henon
map and the LHC and we discuss our conclusions.
2 MODELS
The study of single-particle dynamics in presence of non-linear forces requires an
appropriate lattice model for computer simulations. The model must be, at the same
time, simple for a fast computational response, and realistic enough to provide useful
information. In our study we will use two models, with complementary characteristics.
The 4D Henon map [5] contains most of the physical features of a non-linear lattice, in
particular a 4D description of the motion with the possibility to include tune modulation.
Its implementation is straightforward and provides very fast computer tracking simulation,
well suited to investigate in detail long-term dynamical behaviours. On the other hand, the
LHC lattice model allows to investigate 6D symplectic motion and provides quantitative
information on the eects of a realistic set of multipolar errors.
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The tune ripple has a strong destabilizing eect on non-linear motion. In order to
investigate scaling laws, we decided, somehow arbitrarily, to introduce in our simulations
a tune modulation similar to that observed in the CERN-SPS in various occasions. In
the SPS, the instantaneous tunes can be continuously measured with a Schottky noise
detector [33] at constant energy, in steady-state conditions. Peak-to-peak variations of
the order of two to three in 10
 4
units are usually observed. The frequency spectrum is
mostly made of seven dominant peaks: the main one at 50 Hz and the others at the higher
harmonics of 50 Hz.
In our computer simulations, the time-variation of the tune is represented by the
sum of seven sine-waves, with the same frequencies and amplitudes observed in the SPS
spectrum. The modulation amplitude can be changed globally by a multiplicative factor
applied to each component.
2.1 Modulated Henon map























































































) are the phase space coordinates, and the linear part of the map L is
































































with relative amplitudes ranging from 0.7 to 0.07. These data correspond to the tune
modulation due to the observed ripple in the quadrupoles of the SPS [10]. In our simu-




to 0:168 and 0:201, i.e., rather close to
resonances of order 6 and 5, in order to have relevant long-term phenomena. The Henon
map without modulation with the same linear frequencies have been extensively analysed
in Ref. [9]. The modulational frequencies 

k
and the amplitude ratios 
k
are xed accord-
ing to the values of Table 1, and we analyse the dependence of the dynamic aperture on
the amplitude  of the modulation, that has been varied between 1 and 64.
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2.2 LHC with tune modulation
The lattice of the LHC is described in Ref. [34]. It is made of 23 regular cells per arc,
each containing 6 tightly packed 14.2 m long dipoles. There are 8 octants, 4 experimental
insertions and 4 machine insertions. The experimental insertions are tuned with injection
optics (






= 63:31. This choice results from the optimization of the LHC working point,
as described in Ref. [35]. The machine superperiodicity is one.
The eld-shape errors are described by thin-lens multipoles up to order eleven,
located in the middle of each dipole and quadrupole. For every magnet, each multipolar
component is determined using a random number generator with gaussian distribution,
truncated at 3 r.m.s. deviations. The mean value of the gaussian distribution is specic of
the machine octant. This feature is typical of the LHC: the magnets are supposed to have
systematic errors that vary from octant to octant. The error values of the main dipoles
and quadrupoles used in the simulation are given in Ref. [36]. The selected realisation of
the random imperfections used in section 5.2 has a dynamic aperture at 10
5
turns close
to the average value in a set of 64 random realisations.
A set of multipolar elements is used to correct the non-linear imperfections of the
LHC lattice. At each dipole end there is a sextupolar and a decapolar corrector, each family
connected in series. They are intended to compensate the average value of the sextupolar
and decapolar systematic errors of each octant. Two families of sextupoles, located close to
the focusing and defocusing quadrupoles, are used to correct the chromaticities. However,
to partially take into account the operational diculty of this correction in a real machine,
we decided, somehow arbitrarily, to set Q
0
= 2. This is close to the value measured in
a machine of the same size, LEP. Since we are interested in scaling laws for non-linear
phenomena, we decided to disregard linear imperfections that induce nite closed orbit
or linear coupling.
The tune modulation is obtained by summing up seven sine-waves with the same
relative amplitudes and frequencies as those used for the Henon map (see Table 1). The
global amplitude is varied by a multiplicative factor  that ranges from 1 to 8. The
horizontal and the vertical tunes are aected by a synchrotron modulation of the same
order of magnitude as the one induced by ripple. The numerical results quoted in section
5.2 refer to particles tracked with an initial momentum deviation of p=p = 10
 4
, resulting
in a tune oscillation of 2  10
 4
amplitude due to synchrotron coupling.
3 DYNAMIC APERTURE EVALUATION
3.1 Dynamic aperture denition
In a previous work [24] we have proposed a denition of dynamic aperture as a
function of the number of turns N as the rst amplitude where particle loss occurs before
N turns, averaged over the phase space. Particles are started along a 2D polar grid in the
coordinate space (x; y):
x = r cos  y = r sin  (6)




are set to zero. Let r(;N) be the last stable initial condition
along  before the rst loss at a turn number lower than N occurs. Then the dynamic













With respect to the approach used in several long-term simulations (see for instance
[6, 18, 35]), where a xed value of  is considered in order to speed up simulations, this
denition provides a smoother dependence ofD onN , thus allowing to derive interpolating
formulae and to extrapolate them to predict long-term particle loss.
3.2 Error estimate
One of the crucial issues in the denition of the dynamic aperture is the determi-
nation of the associated error. When denition (7) is implemented in a computer code,
one has to carry out two discretizations: one over the radial variable r and one over the






and  = =(2N

) be the step size in r






















An approximated formula for the error can be obtained by replacing the dynamic aperture







r(;N)d < r(;N) > : (9)



















to optimise the integration steps.
4 DYNAMIC APERTURE PREDICTION
4.1 Dynamic aperture extrapolation
4.1.1 Interpolating law
In previous works [9, 29] we have shown that survival plots can be interpolated by
a simple formula provided that the denition of dynamic aperture (7) is used. In fact, the
dynamic aperture turns out to decay with the inverse of the logarithm of the number of





It has been pointed out [25] that Eq. (11) can be justied in terms of the KAM and of
the Nekhoroshev theorems, using a rather naive model of phase space. One assumes that
the phase space is divided into two parts:
{ An inner region where almost all the initial conditions give rise to regular orbits,
except a negligible fraction of initial conditions that falls on the resonance web
(Arnold web). This domain can be considered stable for innite times.
{ An outer region where almost all the initial conditions give rise to chaotic orbits, ex-
cept a small fraction of regular orbits around stable islands, that can be neglected.
Particles escape from this region according to the Nekhoroshev exponential esti-
mate, since they are close to the chain of the last invariant tori that are on the
border of the previous region.
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Numerical simulations based on long-term tracking and frequency analysis have conrmed










The optimal analytical estimate of the exponent  is equal to (d 1)=2, where d is the phase
space dimension [37]. For instance, in the case of a four-dimensional map (such as the
Henon map without modulation or the LHC on central momentum, without modulation)
one has d = 4 and therefore  = 1:5. One can try to interpolate the long-term data using
A;B;  as free parameters and xing N
0
to one using the heuristic argument D(1)  1.
It turns out (see Ref. [29]) that in several cases the tted value of the exponent agrees
with the analytical estimate.
In the case with tune modulation, one can make the following observations:
{ From a theoretical point of view, Nekhoroshev theorem holds for weak perturba-
tions of an integrable Hamiltonian that is given by a certain number of uncoupled
oscillators. Adding the modulation of the linear frequencies strongly modies the
structure of the Hamiltonian and therefore Eq. (12) can no longer be justied in
terms of the Nekhoroshev theorem.
{ From a phenomenological point of view, it is evident that when the modulation is
added the long-term phenomena become more relevant. On the other hand, Eq. (12)
means that the lower  is, the more relevant the long term phenomena are. There-
fore, if Eq. (12) is still valid with modulation, the exponent  should decrease with
the amplitude of the modulation.
{ Finally, we point out that when the modulation becomes very relevant both nu-
merical simulations and real experiments show that all the phase space becomes
unstable. This behaviour can be taken into account by Eq. (12) if  is negative, or
if  is positive, but A is negative.
Summarizing, we point out Eq. (12) is not theoretically justied to interpolate the
data in case of tune modulation. Nevertheless, if we consider  as an additional free
parameter to t the data, Eq. (12) can modelize cases where the long-term phenomena
are very relevant, up to the extreme situation where all the phase space is unstable. For
this reason we propose to use Eq. (12) to interpolate the long-term data also in the case
with modulation.
4.1.2 Errors of the t and extrapolation
The tting procedure has been carried out using the standard approach based on
least-squares minimization. Assuming that the evaluation of the dynamic aperture is






















follows a chi-square distribution, and the parameters A;B;  that minimize 
2
are the
maximum likelihood estimators. In the previous formula, y
i





is the associated error (see section 3).
For our purposes, it is important to compute not only the best value of the pa-
rameters, but also to evaluate the associated errors. Since the t is nonlinear in , no
analytical formula is available, neither for the best parameters, nor for the errors. A scan
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over  is carried out: for each value of , the optimal values of A and B are worked out
analytically. Among this one-parameter family of tting values, we choose that ones that
minimize the 
2
(see the previous equation). A 
2
min
of the order of one ensures that the
data are well tted by the interpolating law. In order to work out the associated error,








where  is related to the chosen condence level on the parameters. We used  = 2:7
that ensures a condence level of 90% (see Ref. [38] for more details). Then, the projection
of the set that satises Eq. 14 on the axes A, B, and  provides the condence intervals
for the best t. In the following we show that such intervals are rather asymmetric around
the best t: this is due to the nonlinear character of the tting function.
The extrapolation of the formula to higher number of turns is made by using the best
parameters; in order to evaluate the error, we extrapolate using all the parameters inside
the deformed ellipsoid (14), and we obtain a maximum and a minimum extrapolation
value. Also in this case the interval around the best value can be rather asymmetric.
4.2 Lyapunov exponent
In this section we briey recall the denition of maximal Lyapunov exponent [8, 9,
19, 39, 40] and the method based on thresholds that has been proposed in Ref. [9]; then,
we will analyse the case with modulation.
The maximal Lyapunov exponent species the ratio of divergence of two orbits
whose initial conditions are close in phase space. The estimate of the maximal Lyapunov

























j is the initial distance, and log is the natural logarithm. The theory states
that if lim
N!1
(N) = 0, the orbit is regular and therefore the particle is stable; if the
limit is positive, the trajectory is chaotic (i.e., there is exponential divergence of nearby
trajectories, hence sensitivity to initial conditions), and therefore the particle can be lost
sooner or later. The estimate of the Lyapunov coecient with Eq. (15) allows one to
determine the border between chaotic and regular motion and therefore to predict the
dynamic aperture for an innite number of turns. However it cannot provide quantitative
informations on the stability of the motion for a nite number of turns.
In Ref. [9] we have proposed an automatic method to select regular from chaotic
orbits based on a threshold on the Lyapunov exponent. For regular particles, the distance
between neighbour orbits linearly increases with the discrete time N : this is due to the










If (N) > 

(N), then the particle is assumed to be chaotic, whilst if (N) < 

(N)
the particle is regular. One can show (see Ref. [9]) that the constant A

is related to the
maximum of the derivative of the tune with respect to the amplitude where the tune is
well-dened.
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Figure 1: Distribution of the Lyapunov exponent (in log scale) evaluated at four dierent
numbers of turns for the Henon map without modulation at !
x0
=2 = 0:168, !
y0
=2 =
0:201; particles lost before 10
7
turns are marked in black, and the dashed lines show the
thresholds according to Eq. (16).
In Fig. 1 we show the distribution of the Lyapunov exponents of the initial conditions
started along the grid (6) for the Henon map without modulation; four dierent number of








have been used. The distribution of the Lyapunov is compared
to the results of long-term tracking: particles stable for 10
7
turns are marked in white,
whilst the unstable ones are marked in black. One can see that the Lyapunov exponent
discriminates rather well stable from unstable particles: the sharp fall of the rather narrow
peak of Fig. 1, that contains most of the stable particles, is the natural choice of the
threshold 

(N) for long-term predictions. The peak becomes narrower and narrower
when the number of turns is increased. It turns out that the thresholds xed in this way
(i.e., through the comparison with tracking) are very well interpolated by Eq. (16), with
A

= 0:5 (see Fig. 1, dotted lines). We have already pointed out in Ref. [9] that the value
of A

seems to depend very weakly on the model.
The dynamic aperture prediction given by the Lyapunov exponent can be computed
according to the same formula [see Eq. (7)], where now r(;N) is the initial condition
along  whose Lyapunov exponent is below the threshold. The error associated to the
Lyapunov prediction can be evaluated using the same scheme provided for plain tracking
data.
In the case with tune modulation, the results are rather interesting. In Fig. 2 we
show the same plot of Fig. 1 for the Henon map with a modulation amplitude  = 4. Also
in this case there is a peak of stable particles with a rather sharp fall on the right; the
threshold is very well interpolated by Eq. (16) with the same value of the constant A

(see the dashed lines in Fig. 2). Moreover, also in this case the peak of stable particles
becomes narrower for larger number of turns. The only dierence is that the fraction of
initial conditions whose Lyapunov exponent is above the threshold gets larger with respect
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Figure 2: Distribution of the Lyapunov exponent (in log scale) evaluated at four dierent
number of turns for the modulated Henon map with  = 4 at !
x0
=2 = 0:168, !
y0
=2 =
0:201; particles lost before 10
7
turns are marked in black, and the dashed lines show the
thresholds according to Eq. (16).
to the previous case. Most of these particles are not lost before 10
7
turns, but according
to our method they are chaotic, and therefore they may be lost at higher number of turns.
5 NUMERICAL RESULTS
5.1 Henon map
5.1.1 Interpolation of tracking data
We have considered the modulated Henon map with the parameters xed to the
values specied in section 2.1, and we have varied the amplitude of the modulation 
(see Eq. 5) from 1 to 64. We have also considered a case without modulation. Long-term
tracking has been carried out up to 10
7
turns, using a scan over 30 angles and 100 radial
steps to optimize the error, which is around 2%. In Table 2 we give the dynamic aperture
and the associated error [see Eq. (10)] versus the number of turns for dierent values of
. As expected, the modulation has no eect over the short term dynamic aperture (10
3
turns), whilst it leads to a stability loss that increases with the number of turns and with
the amplitude of the modulation.
We interpolated the dynamic aperture versus the number of turns according to
Eq. (12). The value of 
2
, and of the parameters , A, B, with the error estimated with
a condence level of 90%, are given in Table 3. The dynamic aperture estimate through
tracking with the associated error, the best t through Eq. (12) (solid line), and the
extrapolation to innity (dotted line) are shown in Figs. 3-7. We also plotted the dynamic
aperture estimate provided by the Lyapunov exponent (stars).
The main results of this analysis are the followings.
{ Goodness of the t. In all cases, the t is extremely good (
2
is of the order of one).
This is somewhat unexpected, since we have applied an interpolating law outside
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Figure 3: Dynamic aperture D versus number of turns N for the Henon map without
modulation ( = 0). Tracking data (error bars), interpolation according to Eq. (12) (solid
line) and extrapolation at innity (vertical dotted line), prediction through Lyapunov
exponent (stars).
its expected validity limits.
{ Parameter dependence on . Both  and A decrease as the modulational amplitude
 gets larger, as expected. For small , B seems to be independent of the amplitude.
For  = 16, A becomes negative and therefore according to the extrapolation all
initial conditions will be lost sooner or later.
{ Errors of the t. The errors associated to the tting parameters are rather large.
In particular, the exponent  is determined within 0:5 for all the cases. The errors
on A and B become larger when the modulation is increased: A, that denotes
the extrapolation of the dynamic aperture for innite number of turns when  is
positive, is rather sharply dened for  = 0, but becomes rather loose when  is
increased. When  changes sign in the interval of 90% condence level (i.e.,  = 16),
it becomes impossible to associate an error to A and B since our formula contains
a singularity for  = 0.
We also tried a weighted t in order to improve the precision in the determination
of the parameters A;B and ; we tried dierent weigths, without nding any signicant
improvement.
5.1.2 Extrapolation
The formula (12) allows one to extrapolate the dynamic aperture at a given number
of turns using a limited set of long-term data. The intrinsic limits of this method lie in the
error associated to the determination of the parameters A;B and . We use tracking data
from 10
2






, to evaluate the three parameters of Eq. (12),
and then we extrapolate at 10
7
. We choose this set of parameters to be consistent with
the simulations in the LHC. The results (see Table 4) are good: all the extrapolations are





rather large error when extrapolated at 10
7






Figure 4: Dynamic aperture D versus number of turns N for the modulated Henon map
( = 1). Tracking data (error bars), interpolation according to Eq. (12) (solid line) and
extrapolation at innity (vertical dotted line), prediction through Lyapunov exponent
(stars).
(within 5%); this already allows one to save a factor 100 in simulations.
In comparison with the results of Ref. [9] we note that a larger number of turns is
required to obtain a reliable optimization. This is due to the fact that the eect of the
modulation on the beam stability requires a longer time to become evident.
5.1.3 Comparison with the Lyapunov exponent
For the case without modulation the extrapolation of the dynamic aperture at
innity A has a rather small error, and can be compared to the prediction of the limit of
regular motion as given by the Lyapunov exponent. The agreement is good (see Fig. 3),
thus supporting previous results discussed in Ref. [29]. When a small tune modulation
is considered (see Figs. 4 and 5), the Lyapunov prediction converges to a rather well-
dened limit, that ts into the condence interval associated to A. Indeed, since the error
associated to A is very large (see Tab. 3), the quantitative agreement is rather loose. For
large modulation amplitudes ( = 16 and  = 64, see Figs. 6 and 7), according to the
extrapolation all the phase space is unstable. On the other hand, it is hard to say whether
the Lyapunov exponent predicts a nite stability domain or not.
Summarizing, in the case without modulation the border of the chaotic region eval-
uated through the Lyapunov exponent is in agreement with the extrapolation of our t to
innity. When the modulation is switched on, the agreement between these two quantities
becomes worse. Under these conditions it is not clear whether the stability border pre-
dicted with the Lyapunov exponent tends to a well-dened limit. Therefore it seems very
hard to extract quantitative information on the long-term stability from the Lyapunov
exponent in the case with tune modulation.
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5.2 LHC
The dynamic aperture is given in mm normalized at 
max
= 182m. Very onerous
simulations have been carried out up to 10
6
turns, with a scan over 17 angles and 100
radii. The relative error in the dynamic aperture is of the order of 2%. In table 5 we give
the dynamic aperture as a function of  and N . Also in this case, the eect of modulation
at 10
3
turns is very small (less than 2%), whilst at 10
6
turns it becomes relevant (around
20%). We have carried out simulations for a beam on momentum and without modulation:
this is a purely 4D model. Then, we have considered a beam with some o-momentum
(10
 4
), and we have switched the modulation from  = 0 to  = 8.
The comparison with the Lyapunov prediction is rather dicult also in this case (see
Figs. 8-13). For the purely 4D case the Lyapunov seems to converge to the extrapolated
value of the dynamic aperture.
When the modulation is switched on, it is not evident if the Lyapunov prediction
converges as before; the last two cases (see Figs. 12-13) clearly show that the Lyapunov
exponent `feels' the instability due to the increased modulation, even though the quanti-
tative information does not seem to be signicant.
Summarizing, the LHC data show the same features as the modulated Henon map:
good interpolation, rather large errors on the tting parameters, rather precise extrapola-
tion for one-two orders of magnitude, quantitative agreement of the Lyapunov prediction
with the extrapolation of our formula only in the case without modulation. The interpo-




0:4 to 2:0. The exponent decreases with the amplitude as in the Henon case, even though
the error is larger.










turns. All the extrapolations are in agreement with tracking at 10
6
turns, and the error






turns is less than 5%. We have also tried an
extrapolation to 10
7
turns, even though in this case we do not have tracking data to
compare with (see Table 8). All the estimates are compatible, and using data up to 10
5
turns the extrapolation up to 10
7
turns has an error of the order of 5  10%.
6 CONCLUSIONS
In this paper we have proposed an empirical formula to interpolate the dynamic
aperture versus the number of turns in presence of tune modulation. This formula provides
a phenomenological understanding of the mechanisms that rule the long-term dynamic
aperture, which turns out to decay with a power of the inverse logarithm of the number
of turns. Without tune modulation the exponent of the logarithm is around 1:5 both
for the LHC model and the 4D Henon map, in agreement with the analytical estimates
based on the Nekhoroshev theorem [37]. This implies that there is a nite radius A,
inside which the beam has an innite lifetime. When a modulation is added, the exponent
becomes larger: this makes long-term phenomena more and more relevant. It turns out
that there is a monotonic dependence of the exponent on the modulational amplitude .
When a certain amplitude  is reached, A becomes negative, and therefore all the particles
become unstable for suciently large times: the beam has a nite lifetime. This scenario
agrees with the experiments that have been carried out on the eect on ripple on real
machines [10].
The interpolation procedure involves a three-parameters nonlinear t; we have out-
lined the method, based on standard statistical tools, that allows one to determine the
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condence level of the t and of the extrapolation. Even though the t parameters A, B,
 cannot be worked out with a high precision, this approach provides quantitative tools
to predict long-term stability. For a realistic LHC model, the extrapolation of the dy-
namic aperture at 10
7
turns using tracking up to 10
5
turns has a small error (around 7%).
We checked the agreement of our extrapolation procedure against tracking at 10
6
turns,
nding a good agreement. The scenario for the LHC lattice agrees with the investigations
carried out for the modulated 4D Henon map.
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Figure 5: Dynamic aperture D versus number of turns N for the modulated Henon map
( = 4). Tracking data (error bars), interpolation according to Eq. (12) (solid line) and
extrapolation at innity (vertical dotted line), prediction through Lyapunov exponent
(stars).
Figure 6: Dynamic aperture D versus number of turns N for the modulated Henon map
( = 16). Tracking data (error bars), interpolation according to Eq. (12) (solid line) and
prediction through Lyapunov exponent (stars).
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Figure 7: Dynamic aperture D versus number of turns N for the modulated Henon map
( = 64). Tracking data (error bars), interpolation according to Eq. (12) (solid line) and
prediction through Lyapunov exponent (stars).
Figure 8: Dynamic apertureD versus number of turnsN for the LHC on momentum, with-
out modulation ( = 0). Tracking data (error bars), interpolation according to Eq. (12)
(solid line) and extrapolation at innity (vertical dotted line), prediction through Lya-
punov exponent (stars).
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Figure 9: Dynamic aperture D versus number of turns N for the LHC o momentum
(p=p = 1), without modulation ( = 0). Tracking data (error bars), interpolation accord-
ing to Eq. (12) (solid line) and extrapolation at innity (vertical dotted line), prediction
through Lyapunov exponent (stars).
Figure 10: Dynamic aperture D versus number of turns N for the LHC o momentum
(p=p = 1), with modulation ( = 1). Tracking data (error bars), interpolation according
to Eq. (12) (solid line) and extrapolation at innity (vertical dotted line), prediction
through Lyapunov exponent (stars).
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Figure 11: Dynamic aperture D versus number of turns N for the LHC o momentum
(p=p = 1), with modulation ( = 2). Tracking data (error bars), interpolation according
to Eq. (12) (solid line) and prediction through Lyapunov exponent (stars).
Figure 12: Dynamic aperture D versus number of turns N for the LHC o momentum
(p=p = 1), with modulation ( = 4). Tracking data (error bars), interpolation according
to Eq. (12) (solid line) and prediction through Lyapunov exponent (stars).
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Figure 13: Dynamic aperture D versus number of turns N for the LHC o momentum
(p=p = 1), with modulation ( = 8). Tracking data (error bars), interpolation according















































0 0:57 0:01 0:49 0:01 0:47 0:01
1 0:57 0:01 0:49 0:01 0:46 0:01
4 0:57 0:01 0:49 0:01 0:44 0:01
16 0:57 0:01 0:47 0:01 0:40 0:01
64 0:57 0:01 0:45 0:01 0:33 0:01












































Table 3. Fitting parameters of Eq. (12) for the modulated Henon map
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Table 4. Comparison between extrapolation of dynamic aperture at 10
7
and tracking for










0 0 13:1 0:3 12:6 0:2 12:4 0:2 12:3 0:2
0 10
 4
12:9 0:2 12:3 0:2 11:8 0:2 11:5 0:2
1 10
 4
12:9 0:2 12:2 0:2 11:7 0:2 11:1 0:2
2 10
 4
12:9 0:2 12:1 0:2 11:5 0:2 10:7 0:2
4 10
 4
12:8 0:2 11:9 0:2 11:1 0:2 10:4 0:2
8 10
 4
13:0 0:2 11:8 0:2 10:8 0:2 10:1 0:2












































Table 6. Fitting parameters of Eq. (12) for the LHC























































































































































Table 8. Extrapolation of dynamic aperture at 10
7
for the LHC
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